Let M i and N i be path-connected locally uniquely geodesic metric spaces that are not points and f :
Introduction
For the duration a product m i=1 M i of metric spaces is always considered to be endowed with the sup metric. In these metric spaces there are two obvious types of isometries f :
The first is a product f = f 1 × · · · × f m where f j : M j → M j is an isometry. The second is a reindexing of the form g(α 1 , . . . , α m ) = (α π −1 (1) , . . . , α π −1 (m) ) for some permutation π of {1, . . . , m}. This leads to the following definition. Definition 1.1. An isometry f :
N i is reducible if there is a permutation π of {1, 2, . . . , m} and isometries f i : M i → N π(i) such that f (α 1 , . . . , α m ) = (f π −1 (1) (α π −1 (1) ), . . . , f π −1 (m) (α π −1 (m) )).
The main result states that in certain cases all isometries are reducible.
Main Theorem. Suppose M i and N i are path-connected locally uniquely geodesic metric spaces that are not points with f :
N i an isometry. Then m = n and f is reducible.
The heart of the proof lies in the fact that particular isometric embeddings of a graph in the product space m i=1 M i are invariant under any isometry. This will quickly lead to the number of factors in the product being an isometry invariant as well as forcing f to take the aspect of a product map. A proof for the case where m = 2 occurs in the appendix of [2] , and a discussion of the background on geodesic metric spaces can be found in [1] .
Acknowledgements
I would like to thank Mladen Bestvina, Yael Algom-Kfir, and Erika Meucci for their many helpful comments and discussions. I would also like to thank Benson Farb for mentioning this problem during a talk at the University of Utah.
Proof of Main Theorem
In this section we define a useful family of subsets of m i=1 M i . Utilizing the Main Lemma, a proof of the Main Theorem is then provided.
The α i are called the fixed coordinates of Ω.
Main Lemma. Suppose that M i and N i are path-connected locally uniquely geodesic metric spaces and f :
Moreover Ω and Ω are both k-slices if and only if f (Ω) and f (Ω ) are both j-slices.
In order to prove the Main Lemma and hence the Main Theorem the fact that m = n for any isometry f :
However the proof of this fact is more technical and will be postponed. 
Notice that {a i , a i+1 } is an i + 1-slice for i ∈ {0, 1, . . . , k − 2} and an i + 2 slice for i ∈ {k − 1, . . . , m − 2}. Since no pair {a i , a i+1 } is a k-slice, the pair of points {f (a i ), f (a i+1 )} is never a j-slice by the Main Lemma. Thus the j th coordinate of f (a i ) and f (a i+1 ) are identical for all i.
The Graph Q m r
In this section we define a metric graph, give examples of particularly nice isometric embeddings of this graph in Figure 1 ) are a quadrilateral with subdivided sides and the one skeleton of Kepler's Rhombic dodecahedron [3] . 
. . , β m k ∈ {1, 2, . . . , m}} and as a set ι(±r, ±r, . . . , ±r) = {(π 1 , . . . , π m )|π i ∈ {θ i , ϕ i }} which defines the isometry on the set of vertices. One can check that appropriate vertices are connected by unique geodesics of length r. Main Lemma. Suppose that M i and N i are path-connected locally uniquely geodesic metric spaces and f :
Proof. By lemma 3.6 m = n. Three things must be shown.
Step 1 (Part A) Given three distinct points a, b, c such that {a, b} is a j-slice, {b, c} is a k-slice, and {a, c} is an i-slice then i = j = k.
(Part B) Given 4 distinct points a, b, c, d such that {a, b}, {b, c}, {c, d}, and {a, d} are i, j, k, and l-slices respectively then either i = j = k = l or i = k and j = l.
Step 2 If Ω is a k-slice then f (Ω) is a j-slice.
Step 3 If Ω and Ω are k-slices then f (Ω) and f (Ω ) are j-slices.
(Proof of Step 1 Part A) By definition of a k-slice if i = j then i = j = k. Suppose i = j then a and c differ in the i th and j th coordinate. But {a, c} is a k-slice which is a contradiction.
(Proof of Step 1 Part B) Observe that since {a, b} is a i-slice and {b, c} is a j-slice the points a and c differ in the i th and j th coordinates. Similarly they differ in the l th and k th coordinate. Thus {i, j} = {k, l}. If i = l then i = j = k = l otherwise i = k and j = l.
(Proof of
Step 2) Any k-slice Ω is contained in a k−slice of the form
for α i ∈ M i so it suffices to show the result for Φ. Let η ∈ M k be an arbitrary point. Let δ s and¯ η be the uniquely geodesic constants for α s ∈ M s and η ∈ M k respectively. Define
where η = min{¯ η , δ 1 , . . . , δ m }. Let Ψ = W η ∩ Φ. For any three points x 1 , x 2 , x 3 ∈ Ψ construct three isometrically embedded graphs ι i : Q d(x i , x i+1 ), ι i (e r 1 ) = x i , and ι i (−e r 1 ) = x i+1 for i ∈ {1, 2, 3} via Example 3.2 (note that x 4 = x 1 ). Since W η is a product of uniquely geodesic metric spaces we can apply lemma 3.7 to f • ι i to see that {f (x 1 ), f (x 2 ), f (x 3 )} satisfy the hypothesis of Step 1 part A. Thus {f (x 1 ), f (x 2 ), f (x 3 )} is a j-slice and since x i were arbitrary f (Ψ) is a j-slice. If Ψ is a defined about a point η ∈ M k sufficiently close to η then f (Ψ) ∩ f (Ψ ) consists of more than two points and the set f (Ψ) ∪ f (Ψ ) is a j-slice. This implies f (Φ) is a j − slice since M k has a single path component. for some M k and hence it suffices to show the result for Φ, Φ . We can also assume that α i = β i for all i = 1 since we can change one coordinate at a time to interpolate between Φ and Φ . Now there clearly exist distinct points w 1 , w 2 ∈ Φ and w 1 , w 2 ∈ Φ such that {w 1 , w 1 } and {w 2 , w 2 } are 1-slices. By step 2 f (w 1 ), f (w 1 ), f (w 2 ), f (w 2 ) satisfy the hypothesis of Step 1 part B. If {f (w 1 ), f (w 1 ), f (w 2 ), f (w 2 )} was a j-slice then by step 2 after applying the inverse isometry {w 1 , w 2 , w 1 , w 2 } would be a k-slice or a 1-slice which is a contradiction.
